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COSMOLOGY OF PLANE GEOMETRY
ALEXANDER SKUTIN
1. Introduction
This paper focuses on a new approach to plane geometry and develops important con-
cepts that can allow researchers to unite and observe plane geometry from a new, mean-
ingful perspective. The present short note is a first chapter of the paper, referenced in the
last section.
2. Deformation principle
In the area of plane geometry, the deformation principle refers to replacing a certain
configuration of points, lines, and circles with more general ones, in which equal points,
lines, or circles in the original (undeformed) configuration are replaced by their deformed
versions, i.e. points, lines, and circles that are not equal in the general case but are related
to one another. If one is aware that points, lines, or circles are equal in the case of non-
deformed configuration, one can predict the deformed versions connections in terms of
general configuration. Consideration of the non-deformed case aids in predicting which
points should be connected in the general deformed case.
2.1. Basic deformation example. For the first example of application of deformation
principle consider the configuration of a square ABCD with its center O. Now, we can
look on the point O as on the third vertices Oab, Obd, Ocd, Oda of the triangles OabAB,
ObcBC, OcdCD, OdaDA constructed internally on the sides of ABCD which are isosceles
right angled triangles (∠AOabB = 90
◦, |OabA| = |OabB| and so on). So, in the case
when ABCD is a square we see that O = Oab = Obc = Ocd = Oda are equal, thus, the
deformation principle predicts that in the general (deformed) case of an arbitrary ABCD,
deformed points Oab, Obc, Ocd, Oda should be connected. And in fact, they are: OabOcd
is perpendicular to ObcOda and they have equal lengths.
Therefore, we can state the next result
Theorem 1 (Deformation of a square with its center). Consider any (convex)
quadrilateral ABCD and let points Oab, Obc, Ocd, Oda are chosen inside of ABCD such
that OabAB, ObcBC, OcdCD, OdaDA are isosceles right angled triangles (see picture
below).
Then the following properties of the points Oab, Obc, Ocd, Oda are true:
(1) OabOcd ⊥ ObcOda
(2) |OabOcd| = |ObcOda|.
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Theorem 1
In the previous theorem we see how the deformation principle works if we deform
a square with its center, similarly we can deform other simple configurations and get
complicated results. Each time when we deform we should have decided which points we
like to deform and how we deform them. For example, in the previous case we can look on
the square’s center O as on the intersection of the internal angle ∠ABC, ∠BCD, ∠CDA,
∠DAB bisectors which will provide us with another type of deformation of ABCDO (in
the case of the angle bisectors the resulting deformational fact may be stated as : Points
O1, O2, O3, O4 are cyclic). To see why the deformation principle is natural we can look on
it as on the reverse process to the process of consideration of particular cases of theorems.
For example, Theorem 1 becomes trivial in the particular case of a square because in this
case points Oab, Obc, Ocd, Oda become equal. So, the particular case should be seen as an
evidence of the general one.
2.2. Possible deformations. Theorem 1 is the deformation of four nested points into
four connected points in the general case. Similarly, other objects equal (or trivially
connected) in the non-deformed case can be deformed to understand their connected
deformations. The following table shows which objects may be considered non-deformed
and how their deformations may appear:
Undeformed objects Possible deformations
Coincide points Collinear points, concyclic points
Coincide lines Concurrent lines
Coincide circles
Concurrent circles, coaxial circles, circles having
radical line which has many nice properties wrt
original configuration (if there are two circles)
Coincide triangles
Perspective triangles, triangles which vertices
are lying on the same conic
Concyclic points Concyclic points, points lying on the same conic
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2.3. Deformations of an equilateral triangle. Instead of a square ABCD, this paper
uses an equilateral triangle ABC and attempts to deform its center, incircle, circumcircle,
and many other closely related objects. Deformation of an equilateral triangle is the most
powerful tool for producing and verifying results throughout this paper.
As an example of the deformation of an equilateral triangle, we can consider an equilat-
eral triangle with center O and interpret O as the entire set of Clark Kimberling centers Xi
(see [1]). Therefore, the deformation theory predicts that, in the general case of an arbit-
rary triangle ABC, the triangle centers Xi should have many relations among themselves,
such as collinearity, concyclity, etc. Many of these relationships may be found in [1].
Next we introduce some first examples of application of the deformation principle in
the case of equilateral triangles.
Example 1. Consider any triangle ABC. Let A′BC be the equilateral triangle con-
structed on the side BC such that A′, A are on the same half plane wrt BC. Denote the
center Oa of A
′BC. Similarly define Ob, Oc. In the case of equilateral ABC we get that
Oa = Ob = Oc – coincides with the center O of ABC. So, we can predict that in the
general case of an arbitrary ABC we will have that the points Oa, Ob, Oc will be connec-
ted and have relations with the base triangle ABC. And, in fact, the next such relation
can be formulated: Points Oa, Ob, Oc form the equilateral triangle which circumcircle is
passing through the first Fermat point of ABC.
Example 2. Consider a triangle ABC with the first and second Fermat points F1,
F2. Let Fa, Fb, Fc be the second Fermat points of F1BC, F1AC, F1AB, respectively. In
the case of equilateral ABC we get that F1 coincides with the center O of ABC and F2
coincides with a point P lying on the circumcircle of ABC. Aditionally, in the equilateral
triangle case we have that Fa, Fb, Fc are the reflections of center O of ABC wrt its sides
and the points A, B, C, Fa, Fb, Fc form a regular hexagon which circumcircle contains
P . Thus, we can predict that in the general case of an arbitrary ABC the configuration
ABCFaFbFcF2 will inherit some properties of a regular hexagon and a point P on its
circumcircle. And, in fact, the next such relation can be formulated: Point F2 lies on the
circumcircle of FaFbFc.
Example 3. Consider a triangle ABC and any point P . Let AP , BP , CP meet the
circumcircle (ABC) of ABC second time at A′, B′, C ′ (i.e. A′B′C ′ is the circumcevian
triangle of P wrt ABC). Consider the nine-point centers N , Na, Nb, Nc of ABC, A
′BC,
B′AC, C ′AB, respectively. Denote
(1) the reflections N ′a, N
′
b
, N ′c of Na, Nb, Nc wrt BC, AC, AB, respectively
(2) the reflections N ′′a , N
′′
b
, N ′′c of Na, Nb, Nc wrt midpoints of BC, AC, AB, respect-
ively.
In the case of equilateral ABC and P = O – its center we get that N ′a = N
′
b
= N ′c =
N = P = O and N ′′a = N
′′
b
= N ′′c = N = P = O. So, we can predict that in the general
case of an arbitrary ABC and an point P we will have that the points N ′a, N
′
b
, N ′c, N ,
P (N ′′a , N
′′
b
, N ′′c , N , P ) will be connected with each other. And, in fact, the next such
connections can be formulated:
(1) Points N ′a, N
′
b
, N ′c, N lie on the same circle
(2) Points N ′′a , N
′′
b
, N ′′c , N lie on the same circle.
2.4. Near-the-equilateral-triangle shapes. This paper also uses the following shapes
(among others), which may be regarded as shapes close to an equilateral triangle. The
deformations of these shapes will appear in the next sections of the paper.
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△ with center △ with center 2 △ with cevians
△ with midpoint triangle Triangulated △ △ with incircle
Regular hexagon Regular hexagon 2 Hexagonal star
Crown shape
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3. Complete article
The full version of this article was written by the Author involving geometric problems
contribution by Tran Quang Hung, Kadir Altintas and Antreas Hatzipolakis.
Download it from the link below
https://www.scribd.com/document/421475794/Cosmology-of-Plane-Geometry-Concepts-and-Theorems
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